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1 Introduction

Two well established theories exist for the description atnescopic behavior of materials: classical equilibritierinodynamics and classical
(linear) continuum mechanics. Both theories have a goodraxgntal and methodological foundation, they are mathieaily correct and rep-
resented in different equivalent forms. The only inconeenithing is that these theories are highly idealized apprations of real processes in
materials. Advanced materials like polymers, compositéenels, biomaterials, etc. are, as a rule, inhomogeneblsir inner structure depends
on a fabrication method and cannot be taken into accounttaild&he use of such materials in practice requires the kedge of the influence of
the inner structure on the behavior of materials. The exastmiption is impossible or at least tedious: any refinernrgeahly an approximation.
The question is in the built-in information about the matkstructure.

It is well understood that idealized classical theories rast sufficient for inhomogeneous microstructured materialrhe accuracy in the
prediction of the material behavior depends on the choseoréitical description. The complete atomistic expositsopossible only in principle,
and in any case it is difficult for using in practice. The coompise between the full accuracy and a practical treatmenbeaachieved in various
ways. One of such possibilities is presented in this paper.

2 Internal variables

The considered approach supposes the introduction ofisdteariables to characterize the influence of a microstrecbn the global behavior
of a material. This idea is not new and has been exploitedhat fer 50 years. It was broadly applied in rheology, plétstiand phase-field theory.
However, its full power has been uncovered only recentl @i$e of the internal variable concept in a more extendeckkprite., the introduction
of dual internal variables, provides an unified treatmert lodinternal variables of state and of dynamic degreesagfdom. This extension covers
both parabolic evolution equations for dissipative ingrrariables and hyperbolic evolution equations in the abs®f dissipation. Both forms of
evolution equations follow from the dissipation inequalénd, therefore, are thermodynamically consistent. Thuetuire of well known evolution
equations for the Cosserat microrotation and for the miompimic microdeformation is recovered in the framework &f pnoposed approach in the
non-dissipative limit. In the case of heat conduction, asl@ion equation for the microtemperature is obtained bgplkeg the coupled parabolic
equation for the global temperature.

3 Thermoelasticity

The purpose of thermoelasticity is the prediction of th@oase of a body to an external mechanical or thermal loadiitige body is considered
as an elastic one, then its isothermal response is goveyrtbe biooke law. The model of the elastic body is the simplesi@hof material behavior.
On the other hand, the thermal response of a rigid body caréerided by the Fourier law (again in the simplest casehdutkl be emphasized
that these simple models have distinct mathematical strest The description of the dynamics of an elastic bodyutes a second-order time
derivative in the equation of motion presented in terms spldicement. Such an equation is a hyperbolic partial éifféal equation. The Fourier
law, in its turn, provides the heat conduction equation whthfirst-order time derivative for temperature. Mathersdly, the latter is a parabolic
partial differential equation. Coupling of elastic andrihal effects results in the thermoleasticity theory for lbgeneous bodies.

4 Microstructure

In reality, all bodies are inhomogeneous, excluding perdegstals and artificially refined materials. Usually matksrpossess a microstructure
characterized by various size, distribution, and propsrtf inclusions or imperfections. Although the length sazflthe microstructure is, as a
rule, much smaller than the length scale of a body, the impiatticrostructure on overall response of the body may notdmessarily small. The
demand of accounting of the influence of microstructureadiist the improvement of macroscopic material theories.

There exists several directions in the description of therostructure influence. The first one is micromechanicsckvbierves for the deter-
mination of properties of "effective” media by homogenieatmethods [1,2]. The homogenized "effective” medium isdithen instead of the
original microstructured material for the prediction of thermomechanical response. The homogenization mettisdE@mechanics are well
suited for static problems with periodic or statisticalynmogeneous distribution of inhomogeneities.

The second approach introduces memory and nonlocal effecte model, either using memory functionals and nonloeahé&ls (strong
nonlocality) or higher order time and space derivativesafgveonlocality) [3]. Gradient models with nonlocality insse are typical examples of
the latter method. A particular theoretical method of thimfly is GENERIC [4].



The third approach corresponds to generalized continueorigs. A number of advanced generalized continuum thebeee been introduced
over the past five decades to take into account the influente aftructural inhomogeneities on the macroscopic beha¥imaterials. In general
terms, such theories include coarse grained morpholodesdriptors to describe the morphology of the material eterfb,6]. The morphological
descriptors represent certain additional independemnkatic fields. The most known example of the morphologicatdptor is the microrotation
vector in the Cosserat material. Another example is thersbaoder symmetric tensor of microdeformation introducgdMindlin [7], who
considered the material element as a cell able to defornpamtiently of the rest of the body. The relevant continuurorthis called micromorphic
[8]. The micromorphic theory is the most successful top4ddarmulation of a two-level continuum model, in which theeo&ll deformation is
composed of the macroscopic continuous deformation anhtéeal microscopic deformation of the inner structure.

The distinction between homogenization methods, nonlacdlgeneralized continuum theories is not sharp. Genedatiantinua are probably
the most flexible: morphological descriptors can be obthimehomogenization [8] and may have certain weak or stromdpeality. The separation
of the macro- and micromotion in generalized continuum tiesmeeds to postulate separate balance laws at the madrtheamicro- levels, like
in [7]. Then the suitable boundary conditions are requiredell.

5 Thermodynamicswith internal variables

It is clear that material elements in generalized contindhaories extend the classical thermodynamic state spaantheequilibrium one.
This dictates to choose the method of the description of swchequilibrium states, especially in the presence ofigh¢ise processes. The
classical theory of irreversible processes (TIP) is nofideht for such a description because its basic hypothesike local thermodynamic
equilibrium. The choice of an appropriate thermodynamifegcription is essential. Among several versions of narnlibgum thermodynamics,
thethermodynamics with internal variables (TIklds a specific place. This theory (TIV) is the direct exten®f TIP beyond local equilibrium.
We chose the thermodynamics with internal variables becauoes not introduce any assumption about the physicahaméem of the modelled
phenomenon in advance and, therefore, can be developedimiarsal form. Moreover, it assumes the strict validittf@érmodynamic concepts
also for the internal variables. This way we insist the mosiservative use of thermodynamics outside local equilibri

6 Internal variables of state and dynamic degrees of freedom

There exist two basic methods to generate the evolutiontieqsafor internal variables. Both methods are based ondomehtal principles.
Thefirst methodgenerates the evolution equations exploiting the entropguality. This approach uses exclusively thermodynaavis) and the
corresponding variables are caliaternal variables of stateThis framework has the advantage of operating with famifiarmodynamic concepts
like thermodynamic force and entropy, however, no inegffdcts are considered. Internal variables of state arellysatroduced in the case of
dissipative processes. They must satisfy only the secamafidhermodynamics, and need not be balanced. The dissipédi internal power)
induced by an internal variable of state is equal to the prodiiits rate of change and the corresponding conjugatexff®]. Accordingly, the
evolution equation includes only first-order time derivatof the internal variable. In the internal variable theargoncept of a local constrained
non-equilibrium state is introduced. In other words, thelreays exists a local accompanying equilibrium (or quagidérium) state, onto which
the local non-equilibrium state can be projected [10]. imavariables add extra dimensions to the thermodynarate space.

Thesecond methodonstructs the evolution equations through a Hamiltonarational principle and therefore inertial effects arawwidable.
This approach has a mechanical flavor, and the correspondimgples are callethternal degrees of freedanDissipation in this case is added
by dissipation potentials. This theoretical frame has theaatage of operating with familiar mechanical concepke, florce and energy. Internal
degrees of freedom are endowed with both inertia and fluxrevtie latter is not necessarily purely dissipative (on tharary, it could be purely
non-dissipative) [9]. The corresponding evolution ecuragicontain the second-order time derivatives of the dyoaegrees of freedom.

Both internal variables of state and internal degrees @fdiven are used to take into account the influence of intermaesses on the global
behavior of materials. Both of them are introduced in addito classical field quantities. However, the differencethe approaches are much
larger. Internal variable of state is characterized by:

- the extension of the thermodynamic state space; the eadegrutropy function should be concave,
- the calculation of the entropy production accounting titernal energy balance and the evolution equation of tleenat variable,
- the solution of the dissipation inequality providing peoly introduced constitutive functions; usually a linealuion is good enough.

In its turn, the main features for the dynamic degree of foeedre:

- the thermodynamic state space is not extended,
- evolution equation for a dynamic degree of freedom is deitrged by the choice of a Lagrangian and the independent etodia dissipation
potential.

Both theories can have a weakly nonlocal extension. In ths¢ @atural boundary conditions can be calculated by i@ratmeans in the case of
dynamics degrees of freedom and by the zero entropy fluxppésn at boundaries in the case of internal variables. ffibst important difference
between the two approaches consists in the parabolicityadfiton equations for internal variables of state and higpkcity of balance laws for

the dynamic degrees of freedom. It is also important to olestirat internal degrees of freedom need the variationahodeand thermodynamic
relations simultaneously, whereas for internal variabfestate there is no need anything beyond thermodynamics.

7 Dual internal variables

Let us fix the state of the art. There exist two clearly digtigctypes of internal variables: internal degrees of frerdind internal variables of
state [9]. By definition, internal variables of state mustéhao inertia, and they produce no external work. The interadables of state are not
governed by a field equation, i.e., by their own balance lhe;gower expended by internal variables will be only of tresigtiative type. On the
contrary, the internal degrees of freedom obey their owarizad law. Both internal degrees of freedom and internahbées of state are introduced
to capture microstructural properties in a macroscopicrijgson. The thorough thermomechanical theory with wgaldnlocal internal variables
of state is presented recently by Maugin [11]. It can be dadle asingle internal variableheory. In the case of internal degrees of freedom the
complete description is not finished yet. This is why "a uifentinuum mechanical description of materials with imémicrostructure is to
date not available” [12].



The introduction of any kind of internal variables shoulditvéhe correspondence with the second law of thermodynariiies latter indicates
the direction for an unified continual description of matkziwith microstructure. The main idea is that one can olitzérform of the evolution
equation and also the connection to other processes, evimgjcbnly basic principles, first of all, the second law ofrtihodynamics. Evolution
equations derived from any structural, mesoscopic, oraszmpic realization of the extra field variable must belanthts general form, as long as
they are restricted by the same basic principles.

We propose an uniform approach based exclusively on themawdic laws. Our suggestion requires dual internal vaembhd a generalization
of the usual postulates of non-equilibrium thermodynamigs do not require the satisfaction of the Onsagerian recify relations. With dual
internal variables we are able to include inertial effectd 8 reproduce the evolution of dynamic degrees of freedonother words, instead of
the doubling of the theoretical structure we suggest thélitoy of the number of internal variables.

In spite of the fine details where these notions are diffei@marious authors (controllability, boundary conditiorveak nonlocality, etc.), we
can find a sufficiently general framework where these coscag combined. This framework appears to be a powerful nindébol of modern
continuum physics [13,14]. In what follows, we will demarade the constructive modelling power of this conceptuainfework.

As long as evolution equations of internal variables aremeined by basic macroscopic principles, we can expectthgatalidity of the
evolution equations is independent of particular micrpgcanodels. The method of internal variables can be consitlas a universal modelling
tool for macroscopic field theories. It based on minimal nemdf assumptions about the physical mechanism of the nestiphenomena.

8 Conclusions

The prediction of the response of a material (or a structiarexternal loading is an ordinary engineering problems H hecessary step in the
design of any man-made tools, devices, and constructiosedsing complexity of advanced electronics, modern machand equipment, and
of corresponding materials demands more and more sogtatienethods for their proper handling.

The thermoelastic theory with internal variables providegeneral framework for the prediction of a material reactia an external loading
[13]. If classical elasticity theory can be considered as-dispersive and non-dissipative, then the introductibarpinternal variable of state
makes the corresponding theory non-dispersive, but dieg[9]. The insertion of an internal degree of freedonteéad of an internal variable of
state leads to a dispersive but non-dissipative theory.dUiainternal variables concept allows to consider intlevadables of state and internal
degrees of freedom as specific cases in the unified formali8in The respective weakly nonlocal theory is both disperand dissipative [15].

It should be noted that dual internal variables generafereifit thermodynamic forces for microdeformation and facrotemperature [16]. In
the simples case this results in the hyperbolicity of equstiof motion both at micro- and macro- levels in the case @ftlicrodeformation in
the nondissipative limit of the general dissipative theavizile a hyperbolic evolution equation for the microtengiare is complemented by a
parabolic heat conduction equation for the macrotempergtid]. The distinction between thermal and mechanicatgsses is emphasized by the
introduction double dual internal variables. This mears thdependent dual internal variables are introducedhferdiescription of thermal and
mechanical effects [17].
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